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We present ab initio calculations of the WA parameter of the P -odd spin-rotational Hamiltonian
for a variety of diatomic molecules, including the group–2 and –12 halides. The results were obtained
by relativistic Dirac–Hartree–Fock and density functional theory approaches, and corrected for core
polarization effects. Strong enhancement of WA is found for the group–12 diatomic halides, which
should be helpful in future determination of the nuclear anapole moment.
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I. INTRODUCTION
The anapole moment was predicted first by Zeldovich
[1] in 1958 as a new parity violating (PV) and time re-
versal (T) conserving moment of an elementary parti-
cle. It appears in the second-order multipole expansion
of the magnetic vector-potential simultaneously with the
P– and T– violating magnetic quadrupole moment [2].
The nuclear anapole moment was experimentally discov-
ered in the 133Cs atom in 1997 [3]. This measurement
was performed following a proposal by Flambaum and
Khriplovich [4], who have shown that the nuclear anapole
provides the dominant contribution to the nuclear-spin-
dependent (NSD) parity violating effect in atoms and
molecules. It can provide important information about
hadronic weak coupling, which is currently not so easily
obtained from first-principles nuclear structure calcula-
tions (e.g., see Ref. [5] and Review [6]). The term in the
Hamiltonian operator arising from NSD parity violating
electron-nucleus interaction is
HA = κNSD
GF√
2
α · I
I
ρ(r), (1)
where κNSD is the dimensionless strength constant,
GF = 2.22249 × 10−14 a.u. is the Fermi constant, α
is a vector comprised of the conventional Dirac matri-
ces, I is the nuclear spin, r is the displacement of the
valence electron from the nucleus, and ρ(r) is the (nor-
malized) nuclear density. There are three sources for this
interaction: the first contribution arises from the elec-
troweak neutral coupling between electron vector and nu-
cleon axial-vector currents (VeAN ) [7]. The second con-
tribution comes from the nuclear-spin-independent weak
interaction combined with the hyperfine interaction [8].
Finally, the nuclear anapole moment contribution scales
with the number of nucleons, A, with κA ∼ A2/3, and
becomes the dominant contribution in spin-dependent
atomic parity violation effects for sufficiently large nu-
clear charge Z [4, 9]. It requires nuclear spin I 6= 0 and
in a simple valence model has the following value [9]
κA = 1.15× 10−3
( K
I + 1
)
A2/3µigi, (2)
Here, K = (−1)I+ 12−l(I + 1/2), l is the orbital angular
momentum of the external unpaired nucleon i = n, p;
µp = +2.8, µn = −1.9. Theoretical estimates give
the strength constant for nucleon-nucleus weak poten-
tial gp ≈ +4.5 for a proton and |gn| ∼ 1 for a neu-
tron [10]. The aim of anapole measurements is to pro-
vide accurate values for these constants. The nuclear
anapole moment for 133Cs (I=7/2), containing a single
valence proton, was measured from the differences in the
6SF=4 to 7SF=3 and 6SF=3 to 7SF=4 hyperfine transi-
tions as κA=364(62)×10−3 [3, 10]. However, the limit on
gp (gp = −2± 3 [6]), obtained from the Tl anapole mea-
surements [11], seems to contradict the Cs anapole mea-
surements (gp = 6± 1, see [10]). This indicates that fur-
ther refinements in the experimental measurements are
required to obtain high precision results for nuclear spin-
dependent parity violation effects in atoms.
In Refs. [12–14] it was shown that the nuclear spin-
dependent parity violation effects are enhanced by a fac-
tor of 105 in diatomic molecules with 2Σ1/2 and
2Π1/2
electronic states due to the mixing of close rotational
states of opposite parity (Ω-doublet for 2Π1/2). De-
Mille and co-workers suggested therefore to measure
the anapole moment by using diatomic molecules in a
Stark interference experiment to determine the mixing
between opposite-parity rotational/hyperfine levels [15].
The molecular route opens up the range of systems to be
studied and should provide data on anapole moments for
many heavy nuclei. Another motivation comes from a
possibility to test the standard model. The anapole mo-
ment contribution is small in light nuclei with a valence
neutron (Eq. (2)). In this case the electroweak contribu-
tion may be extracted from the measurements of NSD PV
effects [15]. This contribution has never been measured.
ar
X
iv
:1
20
1.
05
82
v3
  [
ph
ys
ics
.at
om
-p
h]
  2
9 M
ar 
20
12
2We therefore present Dirac-Hartree-Fock (corrected for
electron correlation) and 4-component density functional
theory calculations of the electronic factor WA for the di-
atomic group-2 and -12 fluorides and a number of other
diatomic compounds.
II. COMPUTATIONAL DETAILS.
For 2Σ1/2 and
2Π1/2 electronic states, the interaction
(1) can be replaced by the effective operator, which ap-
pears in the spin-rotational Hamiltonian [14, 15],
HeffA = κNSDWA
(n× S′) · I
I
, (3)
where S′ is the effective spin (discussed below) and n is
the unit vector directed along the molecular axis from
the heavier to the lighter nucleus.
Calculations of the P -odd interaction constant WA
were carried out within an open-shell single deter-
minant average-of-configuration Dirac-Hartree-Fock ap-
proach (DHF) [16] and within the relativistic density
functional theory (DFT) [17], employing quaternion sym-
metry [18, 19]. We used the DIRAC10 computational
package [20] to perform all the calculations. The elec-
tronic factor WA is found from evaluating the matrix
elements of the αρ(r) operator in the molecular spinor
basis [21]. 2Σ1/2 and
2Π1/2 open-shell electronic states
are two-fold degenerate, corresponding to the two pos-
sible projections of electronic angular momentum along
n, i.e. |Ω〉 = | ± 12 〉. When operating within this de-
generate space, the operator GF√
2
αρ(r) is equivalent to
WA(n × S′) (Eq. (3)). Time-reversal symmetry ensures
that only the matrix elements that are off-diagonal in Ω
are non-vanishing. This symmetry rule is encapsulated
within the effective operator HeffA by the angular factor
(n×S′). Here the effective spin S′ generates rotations in
the degenerate subspace analogously to usual spin oper-
ator S in a spin-1/2 system. In the non-relativistic limit,
S′ → S for 2Σ1/2 states. A finite nucleus, modelled by
the Gaussian charge distribution was employed [22]. We
note that a nuclear point charge approximation should be
avoided in calculations of WA as the resulting singularity
in the wave function gives unphysical results.
In the DFT calculations we used the Coulomb-
attenuated B3LYP functional, (CAMB3LYP*), the pa-
rameters of which were adjusted by Thierfelder et al.
[23] to reproduce the PV energy shifts obtained using
coupled cluster calculations. The newly adjusted param-
eters are α = 0.20, β = 0.12, and µ = 0.90. In order
to test the stability of the results with respect to the
choice of the functional, the calculations were performed
also using the PBE, LDA, and B3LYP functionals. For
all the systems the WA parameters obtained using the
different functionals were in remarkably good agreement,
within up to∼ 10% (the only exception being RaF, where
the LDA results were 15% higher than the CAMB3LYP*
ones). We thus only present the CAMB3LYP* values,
which are considered to give the best results for parity
violating properties [23].
For the lighter elements (N, O, F, Mg, and Cl), uncon-
tracted aug-cc-pVTZ basis sets were used [24, 25]. For
the rest of the atoms, we employed Faegri’s dual family
basis sets [26]. A good description of the electronic wave
function in the nuclear region is essential for obtaining
reliable results for parity violating properties [27]. Thus,
we augmented the basis sets with high exponent s and p
functions, which brings about an increase of around 10%
in the calculated values of WA. The basis sets were in-
creased, both in the core and in the valence regions, to
convergence with respect to the calculated WA constants.
The final basis sets can be found in the Appendix.
Where available, we used experimental geometries. For
molecules where the bond length Re is not known ex-
perimentally, we optimized the bond distance instead,
using relativistic coupled cluster theory with single,
double, and perturbative triple excitations (CCSD(T))
[28]. To reduce the computational effort, the Dirac-
Coulomb Hamiltonian was replaced by an infinite order
two-component relativistic Hamiltonian obtained after
the Barysz–Sadlej–Snijders (BSS) transformation of the
Dirac Hamiltonian in a finite basis set [29, 30]. Our cal-
culated Re are typically within 0.01 A˚ of the experimen-
tal values, where available. The experimental/calculated
equilibrium distances can be found in Tables I and II.
Previous investigations for the BaF molecule have
shown that the electron correlation contribution to the
WA constant is non-negligible, and raises its value by
∼20-50% [32, 33]. In this work we use two separate
schemes to account for the correlation effects: the den-
sity functional calculations, and correcting the DHF val-
ues for the correlation contributions using atomic cacu-
lations, in a manner outlined below.
The main contribution to the matrix elements of
the NSD interaction for the valence molecular electrons
comes from short distances around the heavy nucleus.
Thus, these matrix elements are strongly affected by cor-
relations between the core and the valence electrons.
The total molecular potential at short distances from
the heavy nucleus is spherically symmetric to very high
precision; the core of the heavy atom is practically unaf-
fected by the presence of the second atom. The molecu-
lar orbitals of the valence electron can thus be expanded
in this region, using spherical harmonics centered at the
heavy nucleus,
|ψv〉 = a|s1/2〉+ b|p1/2〉+ c|p3/2〉+ d|d3/2〉 . . . (4)
Only s1/2 and p1/2 terms of this expansion give signif-
icant contribution to the matrix elements of the weak
interaction. These functions can be considered as states
of an atomic valence electron, and are calculated using
standard atomic techniques in two different approxima-
tions: one that includes electron correlation and another
that does not. The correlation factor Ktot is then defined
as Ktot = KW · KE1 · KEn . Here, KW is found as the
3TABLE I. Internuclear distances Re (A˚) and the P -odd interaction constants WA (Hz) obtained on different levels of theory:
DHF, DFT, DHF and DFT scaled for core polariration contribution, DFT·KCP and DHF·KCP , DHF corrected for total
correlation effect, DHF·Ktot, and the final recommended values, taken as WA(Final)= (WA(DFT)·KCP +WA(DHF)·KCP ))/2.
Comparison with earlier results is also shown.
Nucleus Re (A˚) WA (Hz) Previous results
DFT DHF DFT·KCP DHF·KCP DHF·Ktot Final WA (Hz) Method Ref.
SrF Sr 2.075 [31] 42 41 53 51 49 52 65 Semiempirical [15]
MgBr Br 2.360 [31] 18 9 24 11 11 18 18 Semiempirical [15]
ZnN Zn 1.696 [31] 56 63 67 76 70 72 99 Semiempirical [15]
BaF Ba 2.162 [31] 121 123 152 154 142 153 164 Semiempirical [15]
135 DHF [32]
160 4c-RASCIa [32]
111 RECP+ SCF+EOb [33]
181 RECP+RASSCF+EOc [33]
210-240 Semiempirical [34]
LaO La 1.825 [31] 161 164.3 197 201 186 199 222 Semiempirical [15]
YbF Yb 2.016 [31] 631 527 657 549 590 602 729 Semiempirical [15]
484 RECP+SCF [35]
486 RECP+RASSCF [35]
HgF Hg 2.025d 3207 3557 3502 3884 3023 3693 2700 Semiempirical [34]
PbF Pb 2.078 [31] −1382 −1349 −1517 −1481 −1200 −1499 −720 Semiempirical [36]
−950±300 Semiempirical [37]
−990 RECP+SODCIe [38]
RaF Ra 2.255d 1681 1465 2054 1790 1773 1922 1300 ZORA+SCFf [39]
a Fully relativistic restricted active space configuration interaction method.
b Relativistic effective core potential (RECP) combined with SCF and an effective operator to account for core-valence correlations.
c RECP combined with restricted active space SCF approach and an effective operator to account for core-valence correlations.
d CCSD(T), present calculations
e RECP combined with spin-orbit direct configuration interaction
f Quasirelativistic two-component zero-order regular approximation combined with the SCF approach.
ratio of the matrix elements
KW =
〈ns′1/2|Hˆ ′A|np′1/2〉
〈ns1/2|HˆA|np1/2〉
(5)
where the matrix element in the numerator includes elec-
tron correlation, while the matrix element in the denom-
inator does not. The magnitude of KW is larger than 1,
as the many body corrections due to correlation with the
core electrons increase the density of the valence electron
on the nucleus [40], and thus, increase the WA constant.
Correlations also modify the expansion coefficients a,
b, c... in Eq. (4). An estimate of this effect shows that
it reduces the overall correlation contribution, and pro-
vides us with KE1 and KEn , corresponding to the effect
of correlations on the E1 amplitude and on the orbital
energies, respectively.
Multiplying the result of molecular DHF calculations
by Ktot allows us to include the effect of the most
important electron correlation contributions (Table I,
DHF·Ktot). The Appendix contains the details of the
calculation and the values of Ktot for all the atoms stud-
ied here.
Core polarization effects are not accounted for in the
Kramers restricted DFT calculations. These effects are
included in Ktot; however, we also examine their influ-
ence separately from the rest of the correlation contribu-
tions. Thus, we define an additional scaling factor, KCP ,
which only takes the core polarization into account (see
Appendix for the details of calculation and the values of
KCP ). Table I contains the DHF and the DFT values,
corrected for core polarization contribution (DHF·KCP
and DFT·KCP ).
As the recommended value for the WA parameter we
take an average of WA(DHF)·KCP and WA(DFT)·KCP ,
since we believe that these two values represent our most
reliable results.
III. RESULTS AND DISCUSSION
All the systems under study have a single valence elec-
tron; the ground state of the PbF molecule is 2Π1/2, the
remaining molecules have a 2Σ1/2 ground state. Table
I contains the results obtained for molecules, for which
earlier calculations were performed. For comparison, we
present the uncorrelated DHF results, together with the
different correlation schemes used: the DFT values, the
DHF and the DFT values corrected for core polariza-
tion, the DHF values corrected for the overall correlation
effects, WA(DHF)·Ktot, and the final recommended val-
ues. To the best of our knowledge, these are the first
DFT calculations of WA. The spread of the values ob-
tained by different methods may be used to estimate the
accuracy of our calculations, as the uncertainty of the re-
sult is strongly dominated by the correlation correction
contribution. The difference between the DFT and DHF
values gives us an estimate for the correlation contribu-
tion, which is included into DFT and absent in DHF.
Another (and probably less accurate) method to estimate
the correlations is to compare KCP and Ktot. From these
comparisons we have come to conclusion that the accu-
racy of WA produced by the metal anapole moments is
about 15% for Σ terms and 20-30% for Π1/2 terms (such
as PbF). The accuracy of WA produced by Br (or other
4TABLE II. Internuclear distances, Re (A˚), relativistic fac-
tors RW , and the recommended values of WA constants (Hz),
taken as WA(Final)= (WA(DFT)·KCP +WA(DHF)·Ktot))/2
for group-2 and -12 fluorides, and for mercury halides.
Z Re (A˚) RW WA(Final) (Hz)
Group-2 fluorides
MgF 12 1.750 [31] 1.06 5
CaF 20 1.967 [31] 1.17 11
SrF 38 2.075 [31] 1.65 52
BaF 56 2.162 [31] 2.73 153
RaF 88 2.244a 10.34 1922
Group-12 fluorides
ZnF 30 1.766 [41] 1.38 64
CdF 48 1.991a 2.14 264
HgF 80 2.025a 7.03 3693
Mercury halides
HgCl 80 2.387a 7.03 3647
HgBr 80 2.468a 7.03 3600
HgI 80 2.736a 7.03 3356
a CCSD(T), present calculations
halogen) anapole moment is about 30%.
Most of the previous investigations of WA rely on
semiempirical methods, while for BaF, YbF, RaF, and
PbF ab initio calculations were also performed [32, 33,
35, 38, 39]. Our results are in good agreement with the
recent semiempirical values for most of the systems; in
case of HgF, PbF, and RaF our final WA constants are
higher than the previous values by about 30%.
For BaF we can compare our results to other ab initio
calculations. Our DHF value is close to that of Nayak
and Das [32], obtained by a similar method, and to that
of Kozlov et al. [33], calculated by the combination of
relativistic effective core potential (RECP) and the SCF
approach, and corrected for valence-core correlation by
an effective operator. The value of WA corrected for cor-
relation is in very good agreement with both the rela-
tivistic restricted active space configuration interaction
(4c-RASCI) result of Ref. [32], and the RECP restricted
active space SCF approach of [33].
Two other systems with ab initio results are YbF
[35], calculated using a combination of RECP and
SCF/RASCF methods, and RaF [39], treated via the
quasirelativistic two-component zero-order regular ap-
proximation (ZORA) combined with an SCF approach.
As both these investigations do not treat electron corre-
lation, we can compare them directly to our DHF results,
which are in good agreement.
Our correlated result for PbF is rather higher than that
obtained in the previous investigation [38] performed us-
ing a combination of RECP and spin-orbit direct con-
figuration interaction, which might be caused by the 4-
component treatment of relativity in our case. This sys-
tem is different from the other molecules discussed here,
due to its ground state. For the 2Π1/2 electronic stateWA
vanishes in the non-relativistic limit, since in this limit
it does not contain the s-wave electronic orbital and can
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FIG. 1. Scaling of log
(
WA
RW
)
with log(Z) for group-2 and -12
fluorides
not provide the matrix element < s1/2|WA|p1/2 >. The
effect appears due to the mixing of 2Σ1/2 and
2Π1/2 elec-
tronic states by the spin-orbit interaction. This gives an
extra factor of Z2α2 in the Z-dependence of the matrix
element of WA in a
2Π1/2 electronic state. This does not
lead to a significant suppression in heavy molecules, such
as PbF; however, in light molecules the matrix element
of WA in the
2Π1/2 electronic state is much smaller than
that in 2Σ1/2 state (note that a similar factor Z
2α2 also
makes the interval between the opposite parity Λ-doublet
states small; therefore, there is actually no suppression
in the mixing of these states by WA).
Table II contains the recommended WA constants for
the group-2 and group-12 fluorides. The magnitude of
WA in
2Σ1/2 electronic state is expected to scale as Z
2RW
[8], where RW is the relativistic parameter,
RW =
2γ + 1
3
(
aB
2Zr0A1/3
)2−2γ
4
[Γ(2γ + 1)]
2 , (6)
γ = [1− (Zα)2]1/2.
In Eq. (6), aB is the Bohr radius, r0 = 1.2× 10−15 m,
and α is the fine-structure constant. The RW parame-
ters are shown in Table II for each of the metal atoms.
In Fig. 1 we plot log
(
WA
RW
)
as a function of log(Z) for
both groups of dimers. For group-2 fluorides the scaling
is, indeed, close to Z2; however, the interesting feature
of the plot is group-12 fluorides, where the Z-dependence
is much more advantageous, of Z2.5. This is due to the
filling of the lower lying d-shell, which expands relativis-
tically and thus increases the effective nuclear charge,
leading to an enhancement of relativistic and PV effects
[42], and an increase of WA. It should be noted that
measurements for WA in MgF and CaF may be used to
test the standard model, since the anapole moments of
Mg and Ca are small and the electroweak contribution
to NSD PV electron-nucleus interaction is important.
Table II also shows the WA constants of mercury
halides. The WA values are very close for all the halo-
5gens; the situation is similar for zinc and cadmium
halides. However, molecules containing heavier ligands
might have an experimental advantage. Due to the higher
reduced mass, the interval between the opposite parity
rotational levels becomes smaller, and thus larger PV ef-
fects can be expected, and a smaller magnetic field would
be needed to reduce the interval between the levels.
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IV. APPENDIX
A. Basis sets
Table III contains the basis sets used in the calcula-
tions of the WA constants. For the lighter elements (N,
O, F, Mg, and Cl), uncontracted augmented correlation-
consistent valence triple-ζ (AVTZ) Gaussian basis sets
were used [24, 25]. For the rest of the atoms, we employed
the Faegri’s dual family basis sets [26], augmented with
higher orbital momentum and diffuse functions. Good
description of the electronic wave function in the nuclear
region is essential for obtaining reliable results for parity
violating properties [27]. Thus, we also augmented the
basis sets with high exponent s and p functions, which
brings about an increase of around 10% in the calculated
values of WA. The basis sets were increased, both in the
core and in the valence regions, to achieve convergence
with respect to the obtained WA constants. The same
basis sets were employed in the relativistic CCSD(T) ge-
ometry optimizations (where experimental geometry was
unavailable). However, here we leave out the high ex-
ponent s and p functions, as these contribute little to
molecular geometries.
B. Calculation of the correlation factors KCP and
Ktot
The scaling factors KCP and Ktot are used for estimat-
ing the effect of the core polarization and of the overall
correlation effects on WA for the molecules. These fac-
tors are found using two sets of atomic calculations, one
that neglects electron correlation and on that includes
it. The calculations, and the derivation of the KCP and
Ktot factors are described below.
1. Atomic calculations without electron correlation
We use the relativistic Dirac–Hartree–Fock method
(DHF) to perform atomic calculations [43]. In atomic
TABLE III. Basis sets employed in the calculation of the WA
constants. All elements with Z > 17 are described by the
Faegri basis sets [26] augmented by high exponent, diffuse,
and high angular momentum functions.
Atom Z Basis Set
N 7 aug-cc-PVTZ
O 8 aug-cc-PVTZ
F 9 aug-cc-PVTZ
Mg 12 aug-cc-PVTZa
Cl 17 aug-cc-PVTZ
Ca 20 20s18p9d6f 1g
Zn 30 21s19p10d7f 2g
Br 35 21s20p10d10f 1g
Sr 38 21s20p12d9f 2g
Zr 40 21s20p12d9f 2g
Cd 48 22s20p12d9f 2g
I 53 22s21p12d11f 2g
Ba 56 24s22p15d10f 2g
La 57 24s22p14d10f 2g
Yb 70 26s21p14d10f 2g
Hg 80 25s21p15d10f 2g
Pb 82 25s22p16d10f 2g
Ra 88 26s23p16d11f 2g
a augmented by 2 high exponent s and 4 high exponent p
functions.
units (|e| = 1, ~ = 1,me = 1), the single electron DHF
Hamiltonian is given by
Hˆ0 = cα · p+ (β − 1)c2 − Z
r
+ Ve(r), (7)
where α and β are the Dirac matrices and Ve(r) is the
self-consistent DHF potential due to atomic electrons.
In order to take into account the specifics of diatomic
molecules, we use a slightly modified Ve(r) potential com-
pared to standard atomic techniques:
Ve(r) = V
N−Nv
DHF +
Nv − 1√
r2 +R2e
. (8)
Here V N−NvDHF is the self-consistent DHF potential of the
closed-shell core of the heavy atom, N is total number of
electrons in this atom (N = Z for a neutral system), Nv
is the number of valence electrons, r is the distance to the
heavy nucleus, and Re is the distance between the nuclei
in the molecule. The second term in (8) represents the
spherically symmetric contribution from the valence elec-
trons that are assumed to be moved to the second atom.
Its form is chosen to have the correct −1/r asymptote
for the total potential at large distances in the case of
neutral molecule.
The self-consistent DHF procedure is first done for the
ion, from which valence electrons are removed. Then the
core potential V N−NvDHF is frozen and valence s1/2 and p1/2
states are calculated by solving the DHF equations for
the valence electron
(Hˆ0 − v)ψv = 0, (9)
6where Hˆ0 is given by (7) and (8).
For example, in the case of the BaF molecule, Z = N =
56, Nv = 2, and Re = 2.162 A˚ [31]. The self consistent
DHF procedure is performed for the Ba2+ ion. The 6s1/2
and 6p1/2 valence states are calculated in the potential
V (r) = −56
r
+ VDHF(Ba
2+) +
1√
r2 +R2e
. (10)
These 6s1/2 and 6p1/2 states are used in the denominator
of (5).
2. Inclusion of electron correlation
We include two important classes of electron correla-
tion corrections: the core polarization correction and the
Brueckner-type correlations. These types of correlations
dominate in s1/2 and p1/2 atomic states and their inclu-
sion leads to an accuracy of a few percent for the matrix
elements [43].
The core polarization can be understood as the change
of the self-consistent DHF potential due to the effect of
the extra term (the weak interaction operator HˆA) in
the Hamiltonian. The inclusion of the core polarization
in a self-consistent way is equivalent to the well-known
random-phase approximation (RPA) (see, e.g. [43]). The
change of the DHF potential is found by solving the
RPA-type equations self-consistently for all states in the
atomic core. The RPA equations have a form of the DHF
equations with the right-hand side:
(Hˆ0 − c)δψc = (−HˆA + δVA)ψc, (11)
where Hˆ0 is the DHF Hamiltonian (7), index c enumer-
ates states in the core, δψc is the correction to the core
state c due to weak interaction HˆA, and δVA is the cor-
rection to the self-consistent core potential due to the
change of all core functions. Once δVA is found, the core
polarization can be included into a matrix element for
valence states v and w via the redefinition of the weak
interaction Hamiltonian,
〈v|HˆA|w〉 → 〈v|HˆA + δVA|w〉. (12)
We then obtain the scaling parameter for core polar-
ization, KCP , from
KCP =
〈ψDHFns1/2 |HˆA + δVA|ψDHFn′p1/2〉
〈ψDHFns1/2 |HˆA|ψDHFn′p1/2〉
. (13)
The values of KCP for all the atoms under study are
presented in Table IV.
In contrast to the core polarization correction, which
can be reduced to the redefinition of the interaction
Hamiltonian, the Brueckner-type correlations can be re-
duced to the redefinition of the single-electron orbitals,
by replacing the DHF orbitals by the Brueckner orbitals
(BO). Brueckner correlations describe the interaction be-
tween the valence and the core electrons. These correla-
tions can be included with the use of the so-called corre-
lation potential Σˆ, which is defined in such a way that the
average value of Σˆ over a valence state v is the correlation
correction to the energy of this state:
δv = 〈v|Σˆ|v〉. (14)
The correlation potential Σˆ is a non-local operator sim-
ilar to the DHF exchange potential. It can be calcu-
lated by means of the many-body perturbation theory
(MBPT) in the residual electron-electron Coulomb inter-
action. The expansion starts from second order in this
interaction and in most cases this is the leading term.
We use the B-splines in a box [44] and the second-order
MBPT to calculate Σˆ. The Brueckner orbitals for the va-
lence states are found by solving the DHF-like equations
with an extra operator Σˆ included:
(Hˆ0 + Σˆ− v)ψBOv = 0. (15)
Solving these equations gives new energies and new wave
functions for the valence states. For all atoms considered
in present paper the inclusion of the second-order cor-
relation potential Σˆ leads to a few percent accuracy for
the energies of the s1/2 and p1/2 states. Matrix element
of the operator HˆA between valence states v and w, in
which both type of correlations are included, is given by
〈ψBOv |HˆA + δVA|ψBOw 〉. (16)
The KW factor (Eq. (5)) is then reduced to
KW =
〈ψBOns1/2 |HˆA + δVA|ψBOn′p1/2〉
〈ψDHFns1/2 |HˆA|ψDHFn′p1/2〉
. (17)
An additional effect of correlation, not taken into ac-
count in the above is the change in the expansion coeffi-
cients a, b, c... in Eq. (4). In order to treat this effect
we turn to the following expression,〈
ns1/2
∣∣HA∣∣np1/2〉 〈np1/2∣∣E1∣∣ns1/2〉
Ens1/2 − Enp1/2
. (18)
Such an expression appears in atomic parity violating
elecromagnetic amplitudes and, in addition to the weak
matrix element, it contains the E1 amplitude and the en-
ergy denominator between the s and the p1/2 states. In
molecules, use of this expression may be justified by the
ionic bond model, where the electron that moves to the
halogen polarizes the metal atom and produces a mix-
ture of s and p orbitals. Table IV contains the obtained
KW (corresponding to 〈ns|HA|np〉), along with KE1 and
KEn factors, which describe the effects of core polariza-
tion (Eq. (11)-(12)), and the correlations (Eqs. (14)-
(17)) on the E1 amplitude and the energy denominator,
respectively. The final rescaling parameter Ktot is the
product of all three factors
Ktot = KW ·KE1 ·KEn . (19)
7TABLE IV. KCP , KW , KE1, KEn , and Ktot correlation scal-
ing vactors for the atoms under study.
Atom KCP KW KE1 KEn Ktot
Mg 1.24 1.38 0.97 0.96 1.29
Ca 1.28 1.54 0.91 0.90 1.26
Zn 1.12 1.38 0.87 0.91 1.09
Br 1.31 2.41 0.84 0.80 1.34
Sr 1.26 1.60 0.88 0.86 1.21
Zr 1.20 1.40 0.88 0.91 1.12
Cd 1.11 1.40 0.80 0.86 0.96
Ba 1.26 1.69 0.84 0.82 1.16
La 1.22 1.54 0.85 0.86 1.13
Yb 1.20 1.63 0.83 0.83 1.12
Hg 1.09 1.33 0.74 0.86 0.85
Pb 1.10 1.22 0.77 0.95 0.89
Ra 1.22 1.64 0.91 0.81 1.21
The final Ktot factors can be found in Table IV, and
are used to scale the DHF WA parameters to include the
effects of electron correlation. (Note that that for PbF
we have calculated only correlations between the valence
electrons and the Pb core; the correlations between the
valence electrons 6s and 6p are not included and should
be treated separately using a different technique). The
remaining correlation corrections, which are often called
the weak correlation potential δΣˆA or structural radia-
tion, are suppressed by a small ratio v/c ∼ 0.1, where
v is the valence electron energy and c is the core elec-
tron energy. The effect of δΣˆA usually does not exceed a
few percent [45, 46].
[1] Y. B. Zeldovich, Sov. Phys. JETP 6, 1184 (1958).
[2] O. P. Sushkov, V. V. Flambaum, and I. B. Khriplovich,
Sov. Phys. JETP 60, 873 (1984).
[3] C. S. Wood, S. C. Bennett, D. Cho, B. P. Masterson,
J. L. Roberts, C. E. Tanner, and C. E. Wieman, Science
275, 1759 (1997).
[4] V. V. Flambaum and I. B. Khriplovich, Sov. Phys. JETP
52, 835 (1980).
[5] W. C. Haxton, C.-P. Liu, and M. J. Ramsey-Musolf,
Phys. Rev. C 65, 045502 (2002).
[6] J. S. M. Ginges and V. V. Flambaum, Phys. Rep. 397,
63 (2004).
[7] V. N. Novikov, O. P. Sushkov, V. V. Flambaum, and
I. B. Khriplovich, Sov. Phys. JETP 46, 420 (1977).
[8] V. V. Flambaum and I. B. Khriplovich, Sov. Phys. JETP
62, 872 (1985).
[9] V. V. Flambaum, I. B. Khriplovich, and O. P. Sushkov,
Phys. Lett. B 146, 367 (1984).
[10] V. V. Flambaum and D. W. Murray, Phys. Rev. C 56,
1641 (1997).
[11] P. A. Vetter, D. M. Meekhof, P. K. Majumder, S. K.
Lamoreaux, and E. N. Fortson, Phys. Rev. Lett. 74,
2658 (1995).
[12] L. N. Labzovsky, Sov. Phys. JETP 48, 434 (1978).
[13] O. P. Sushkov and V. V. Flambaum, Sov. Phys. JETP
48, 608 (1978).
[14] V. V. Flambaum and I. B. Khriplovich, Phys. Lett. A
110A, 121 (1985).
[15] D. DeMille, S. B. Cahn, D. Murphree, D. A. Rahmlow,
and M. G. Kozlov, Phys. Rev. Lett. 100, 023003 (2008).
[16] J. Thyssen, Development and Applications of Methods for
Correlated Relativistic Calculations of Molecular Proper-
ties, Dissertation, Department of Chemistry, University
of Southern Denmark, Odense, Denmark (2001).
[17] T. Saue and T. Helgaker, Journal of Computational
Chemistry 23, 814 (2002).
[18] T. Saue, K. Fægri, T. Helgaker, and O. Gropen, 91,
937 (1997).
[19] T. Saue and H. J. Aa. Jensen, J. Comp. Phys. 111, 6211
(1999).
[20] DIRAC, a relativistic ab initio electronic structure pro-
gram, Release DIRAC10 (2010), written by T. Saue,
L. Visscher and H. J. Aa. Jensen, with contributions from
R. Bast, K. G. Dyall, U. Ekstro¨m, E. Eliav, T. Enevold-
sen, T. Fleig, A. S. P. Gomes, J. Henriksson, M. Iliasˇ,
Ch. R. Jacob, S. Knecht, H. S. Nataraj, P. Norman,
J. Olsen, M. Pernpointner, K. Ruud, B. Schimmelpfen-
nig, J. Sikkema, A. Thorvaldsen, J. Thyssen, S. Villaume,
and S. Yamamoto (see http://dirac.chem.vu.nl).
[21] L. Visscher, T. Saue, and J. Oddershede, Chemical
Physics Letters 274, 181 (1997).
[22] L. Visscher and K. G. Dyall, Atom. Data Nucl. Data
Tabl. 67, 207 (1997).
[23] C. Thierfelder, G. Rauhut, and P. Schwerdtfeger, Phys.
Rev. A 81, 032513 (2010).
[24] R. A. Kendall, T. H. Dunning, and H. R. J., J. Chem.
Phys. 96, 6796 (1992).
[25] D. E. Woon and T. H. Dunning, J. Chem. Phys. 98, 1358
(1993).
[26] K. Faegri, Theor. Chim. Acta 105, 252 (2001).
[27] J. K. Laerdahl and P. Schwerdtfeger, Phys. Rev. A 60,
4439 (1999).
[28] L. Visscher, T. J. Lee, and K. G. Dyall, J. Comp. Phys.
105, 8769 (1996).
[29] M. Iliasˇ, H. J. A. Jensen, V. Kello, B. O. Roos, and
M. Urban, Chem. Phys. Lett. 408, 210 (2005).
[30] M. Iliasˇ and T. Saue, J. Comp. Phys. 126, 064102 (2007).
[31] K. Huber and G. Herzberg, in NIST Chemistry Web-
Book, NIST Standard Reference Database No. 69, edited
by P. Linstrom and W. Mallard (National Institute
of Standards and Technology, Gaithersburg MD, 2011)
http://webbook.nist.gov.
[32] M. Nayak and B. Das, Phys. Rev. A 79 (2009).
[33] M. G. Kozlov, A. V. Titov, N. S. Mosyagin, and P. V.
Souchko, Phys. Rev. A 56, R3326 (1997).
[34] M. G. Kozlov and L. N. Labzowsky, J. Phys. B 28, 1933
(1995).
[35] A. V. Titov, N. S. Mosyagin, and V. F. Ezhov, Phys.
Rev. Lett. 77, 5346 (1996).
[36] Y. Y. Dmitriev, Y. G. Khait, M. G. Kozlov, L. N. Lab-
zovsky, A. O. Mitrushenkov, A. V. Shtoff, and A. V.
Titov, Physics Letters A 167, 280 (1992).
[37] M. Kozlov, V. Fomichev, Y. Dmitriev, L. Labzovsky, and
A. Titov, J. Phys. B 20, 4939 (1987).
8[38] K. I. Baklanov, A. N. Petrov, A. V. Titov, and M. G.
Kozlov, Phys. Rev. A 82, 060501(R) (2010).
[39] T. A. Isaev, S. Hoekstra, and R. Berger, Phys. Rev. A
82, 052521 (2010).
[40] K. E. Banyard and M. R. Hayns, J. Phys. Chem. 75, 416
(1971).
[41] M. A. Flory, S. K. McLamarrah, and L. M. Ziurys, J.
Chem. Phys. 125, 194304 (2006).
[42] J. Autschbach, S. Siekierski, M. Seth, P. Schwerdtfeger,
and W. H. E. Schwarz, J. Comput. Chem. 23, 804 (2002).
[43] V. A. Dzuba, V. V. Flambaum, P. G. Silvestrov, and
O. P. Sushkov, J. Phys. B 20, 1399 (1987).
[44] W. R. Johnson and J. Sapirstein, Phys. Rev. Lett. 57,
1126 (1986).
[45] V. A. Dzuba, V. V. Flambaum, P. G. Silvestrov, and
O. P. Sushkov, Phys. Scr. 36, 69 (1987).
[46] V. A. Dzuba, V. V. Flambaum, and O. P. Sushkov, Phys.
Lett. A 141, 147 (1989).
